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Session Objectives

» Vector (or Cross) Product
» Geometrical Representation

> Properties of Vector Product

> Vector Product in Terms of Components

> Applications: Vector Moment of a Force about a Point,

about a Line

» Class Exercise
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Vector (or Cross) Product

n
A
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Let a, b be two non - zero non - parallel vectors. Then,

axb= ‘EJHB‘sineﬁ, where 0 is the angle between aandb and i

is a unit vector perpendicular to the plane of a and b such that
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a, b, n form aright handed system.




Note

1. If oneof aor b orbothis 0, then 0is not defined
as 0 has no direction and A is not defined. In this

case axb=0.

2. Ifa and barecollineari.e.if =0 or =, then

axb=0.
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Geometrical Representation

Area of parallelogram OANB
=0A.BM=0A.0OBsinb

OA‘ : ‘OB‘ sSino

a‘ ‘b‘ Sino
= [axB]

1

Also, area of AOAB = > area of parallelogram OANB = %‘5 X 5‘
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Properties of Vector Product

1. Vector product is not commutative

—

i.e.axbz#bxa

—> —> —>

Infactaxb=-bxa

2. Vector product is distributive over vector addition
5x(5+6)=5x5+5x6 [Left distributive law]

(5+E)x5=5><5+6><5 [Right distributive law]
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Properties of Vector Product
Cont.

3. Vector product of orthogonal traid of unit vectors i, j, k
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Properties of Vector Product
Cont.

i X i=li|liisin0°n=0

Similarly, jxj=kxk =0

ixj=k, jxk=i, kxi=]j

4.

If aand b are two vectors and mis real number, then
(mé)x5=m(5x5)=5x(m5)
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Vector Product in Terms of
Components

Let a=ayi +a,j+ask and b=b;i+b,j+bsk, then

— —>

axb = (ayi +a,] +ask)x (byi +byj+ b3k

~n
=

—_— (a2b3 - a3b2) - (a1b3 - a3b1 )j + (albz - azbl )Iz
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Vectors Normal to the Plane of Two
Given Vectors

axb
‘SHB‘sine

axb= ‘5“5‘sineﬁ — A=

X

r 5‘ is a unit vector perpendicular to the plane of aandb
ax

—=N=

—r X E‘ is a unit vector perpendicular to the plane of aandb
a X

Vector of magnitude 'A' normal to the plane of a and b is given by
k(éxB)

-
‘axb‘

Prof. Rakesh K. Jaiswal



Lagrange’s Identity

If aand b are any two vectors, then

L2 eR -2 e N2 L2 e 2 e2-2
‘axb‘ =‘a‘ ‘b‘ —(a.b) or‘axb‘ +(a.b) =‘a‘ ‘b‘
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Example -1
Find a unit vector perpendicular to the plane containing
the vectors a=2j+j+kandb=i+2j+k

—

Solution: We havea=2i+j+k and b=i+2j+k.

I2 =(1-2)i-(2-1)j+(4-1)k
1
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Solution Cont.

. Aunit vector perpedicular to the plane containing
aandbis given by
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Example -2

—

If a, b, € are the position vectors of the non- collinear
points A, B, C respectively in space, show that

axb+bxc¢+cxais perpendicular to the plane ABC.

Solution: The vector perpendicular to the plane ABC is ABxAC .
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Example -3
If \5\ =26, \B\ =7 and \5x6\ =35, thenfinda.b. (CBSE2002)
Solution: We have ‘éx 5‘2 + (5 . 5)2
=&’ |B[" sin?e + |4 [p° cos?6
= [axB[ +(a.B)" = |{" b

—

:>352+(5.b)2 =26x%x72
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Solution Cont.

= (4.5)" =26x72-352 = 49
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Example -4

If a=i-2j+3k and b =2i+3j-5k, then find axb.
Verify that @ and axb are perpendicular to each other.

Solution: We have a=i-2j+3k andb =2i + 3j- 5k

|k
2 3
-5

=(10-9)i-(-5-6)j+(3+4)k

=i+11j+7k
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Solution Cont.

a and (5><I5) are perpendicular to each other if

.(5><I5)=0
*.(5><|5)=(?-2}+3|2).(T+11}+7I2)

=1-22+21=0
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Example -5

—

vectors suchthata.b=3a.c,
c, a=0, then show thatb =c. (CBSE 1997C)

— —

a=0

—

:>é.(b c) Oanda=0

~ (6-¢)=00ra L (5-)

:>I5=EoréJ_(|5-E)
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Solution Cont.
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Applications
1. Area of parallelogram with adjacent sides aandb = ‘5 X 5‘

2. Area of triangle with adjacent sides aandb = %‘5 X 5‘

3. Area of parallelogram with diagonals d; and d, = %‘CT{X CTz}‘
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Example -6
Find the area of a parallelogram determined by the vectors
T+]+I2 and 37—2]+f<.

Solution:Leta=i+j+k andb=3i-2j+k, where aandb
are adjacent sides of the parallelogram.

ik
1 1|=(1+2)i-(1-3)j+(-2-3)k
-2 1

=37 +2j-5k
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Solution Cont.

Area of parallelogram = ‘EXB‘

- \/32 +22 +(-5)* = /38 sq. units.
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Example -7

Find the area of the triangle formed by the points A(1, 1, 2), B(2, 3, 5)

and C(1, 5, 5).

50|ution:ﬁ=(2i+3§+5|2)-(?+j+2|2)= i+2j+3K

FC=(?+5}+5I§)—(T+}+2I§)=Of+4j+3|2

ABxAC = =(6-12)i-(3-0)j+(4-0)k

=-6i-3j+4k
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Solution Cont.

. Area of AABC = %‘KB X KC"

=1

SA(-6)"+(-3)" +(4)°

G
2
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Moment of Force About a Point

P

Let r be the position vector of P relative to O. Then
the moment (or torque) of F about the point Ois

e

M=rxF
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Example -8

Find the moment of a force represented by i + j +k acting
through the point B with position vector - 2i + 3j+k, about
the point A with position vector i + 2j+ 3k.

Solution: We have F = i+ j+k

_—

F=AB=(—2?+3§+I2)—(?+2§+3|2)=-3?+§—2|2
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Solution Cont.

The moment of the force F acting through B about the point A is

given by

rxF =

=(1+2)i-(-3+2)j+(-3-1)k

=3i+j-4k
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Moment of Force About a Line

The moment of F about aline L is
(Fxﬁ).é

where ais aunit vector in the direction of theline L, and
OP =r where QOis any point on the line.
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Example -9

Let F = 2] - 4j- 3k acts at the point P with position vector i - 2j+ 3k.
Find the moment of F about the line through the origin O in the
direction of the vector a= i+ j+k.

j
Solution: OP xF -2
-4

=(6+12)i-(-3-6)j+(-4+4)k
=18i+9j
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Solution Cont.

The moment of the force F about the given line is

—

(@xﬁ){i] . (18f+93).(?+3+‘2j _18+9_g13

V3 V3

&
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eomertriCa
Example -10
In a triangle ABC, prove by vector method that:

a=b=c
sinA sinB sinC

Solution:

By triangle law of vector addition

BC+CA=BA

—a+b=-c

—_—

—a+b+c=0
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Solution Cont.
:>5><(5+5+E)=5x6
—~axat+axb+axc=0=axb=-axc

—axb=cxa (i)

— — —

5><(a+b+c)=5x6

—=bxa+bxb+bxc=0=bxc=-bxa
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Solution Cont.

From (i) and (ii), we get

axb=bxc=cxa

:>‘5><5‘ =‘I5><E‘ =‘Ex5‘

= absin(180°-C) =bcsin(180°- A) = acsin(180°-B)

— absinC =bcsinA = acsinB

sinC _ SinA _ sinB
C a b

—

sinA _sinB _ sinC
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Thank you
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