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• Contents:

• Graph

• Types of graphs 

• Euler and Hemiltonian graphs

• Shortest path

• Dijktra’s Algorithm for shortest paths.



Graphs: Definition

G = (V, E)

Vertices (nodes)

Edges (arcs)

Edges are a subset of V  V

{(v,v’) : v and v’ are in V}

We also write v v’ instead of (v.v’)



Simple graph

v1

v2

v3

v4

v5













• Directed Graphs (continued)

• Definition: The in‐degree of a vertex v, 
denoted deg−(v), is the number of edges which 
terminate at v. The out‐degree of v, denoted 
deg+(v), is the number of edges with v as their 
initial vertex. Note that a loop at   a vertex 
contributes 1 to both the in‐degree and the 
out‐degree of the vertex.

• Example: In the graph G we have

• deg−(a) = 2, deg−(b) = 2, deg−(c) = 3, deg−(d) = 
2,

• deg−(e) = 3, deg−(f) = 0.

•

• deg+(a) = 4, deg+(b) = 1, deg+(c) = 2, deg+(d) = 
2, deg+ (e) = 3, deg+(f) = 0.



• Directed Graphs (continued)

• Theorem 3: I a directed  G = (V, E) with IEI 
edges, sum of the in-degrees = sum of the 
out-degrees= IEI. In other words
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Isomorphism of a graph

• Definition 5.1.4 Suppose

• G1=(V,E)and G2=(W,F). G1→G1 and G2→G2 are isomo
rphic if there is a one-to-one f:V→W and such 
that {v1,v2}∈E if and only if {f(v1),f(v2)}∈F In addition, 
the repetition numbers 
of {v1,v2}{v1,v2} and {f(v1),f(v2)}{f(v1),f(v2)} are the 
same if multiple edges or loops are allowed. This 
bijection of f is called an isomorphism. When G1 → 
G1 and G2 → G2 are isomorphic, we write G1≅G2.

• Each pair of graphs in figure are isomorphic. For 
example, to show explicitly that G1≅G3, an 
isomorphism is

• f(v1)f(v2)f(v3)f(v4)=w3=w4=w2=w1.

• Clearly, if two graphs are isomorphic, their degree 

sequences are the same.
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Subgraphs

Given a graph G = (V, E) and a graph G’ = (V’, E’), G is a subgraph

of G’ if:

•V  V’

•E  E’

Every element in the left set is an element in the 

right set
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Applications of Graphs

• Since they are powerful abstractions, graphs 
can be very important in modeling data. In 
fact,many problems can be reduced to known 
graph problems. Here we outline just some of 
the many applications of graphs.1.Social 
network graphs: to tweet or not to tweet. 
Graphs that represent who knows whom, who 
communicates with whom, who influences 
whom or other relationships in



• Social structures. An example is the twitter 
graph of who follows whom. These can be 
used to determine how information flows, 
how topics become hot, how communities 
develop, or even who might be a good match 
for who, or is that whom.



















• Graph Coloring is an assignment of colors (or

any distinct marks) to the vertices of a graph.

Strictly speaking, a coloring is a proper

coloring if no two adjacent vertices have the

same color.



Definition: A graph is planar if it can be drawn
in a plane without edge-crossings.

The four color theorem: For every planar
graph, the chromatic number is ≤ 4.



Vertex Coloring

• A vertex coloring is an assignment of labels or 

colors to each vertex of a graph such that no 

edge connects two identically colored vertices



Edge Coloring

• Similar to vertex coloring, except edges are

color.

• Adjacent edges have different colors.



Applications of Graph Coloring 

• Many problems can be formulated as a graph

coloring problem including Time Tabling,

Scheduling, Register Allocation, Channel

Assignment.

• A lot of research has been done in this area so

much is already known about the problem

space.





Explanation

• The standard approach to coloring a map is to

use a single color for a state and never use the

same color for two states.

• Two states whose common border is just one

point can be colored, if we so choose, with the

same color.



Travelling Salesperson Problem



• Suppose a salesman wants to visit a certain 
number of cities allotted to him. He knows the 
distance of the journey between every pair of 
cities. His problem is to select a route the 
starts from his home city, passes through each 
city exactly once and return to his home city 
the shortest possible distance. If we represent 
the cities



• by vertices and road connecting two cities 
edges we get a weighted graph where, with 
every edge ei a number wi(weight) is 
associated.

• A physical interpretation of the above abstract 
is: consider a graph G as a map of n cities 
where w (i, j) is the distance between cities i 
and j. A salesman wants to have the tour of 
the cities which starts and ends at the same 
city includes visiting each of the remaining a 
cities once and only once.











Definitions

• An Euler path is a path that passes through 
each edge of a graph exactly one time.

• An Euler circuit is a circuit that passes through 
each edge of a graph exactly one time.

• The difference between an Euler path and an 
Euler circuit is that an Euler circuit must start 
and end at the same vertex.



Examples

Euler path Euler circuit





Hamilton Paths and     Hamilton Circuits

• A Hamilton path is a path that contains each 
vertex of a graph exactly once.

• A Hamilton circuit is a path that begins and 
ends at the same vertex and passes through 
all other vertices of the graph exactly one 
time.



• Graph (a) shown has 
Hamilton path A, B, C, E, D. 
The graph also has 
Hamilton path C, B, A, D, E. 
Can you find some others?

• Graph (b) shown has 
Hamilton path A, B, C, F, H, 
E, G, D. The graph also has 
Hamilton path G, D, E, H, F, 
C, B, A. Can you find some 
others?



Example: Hamilton Circuit

• Graph (a) shown has  
Hamilton circuit                       
A, B, D, G, E, H, F, C, A. 

• A Hamilton circuit starts and 
ends at the same vertex. 

• Graph (b) shown has  
Hamilton circuit                        
A, B, C, E, D, A. 

• Can you find another



Number of Unique Hamilton 
Circuits in a Complete Graph

• The number of unique Hamilton circuits in a 
complete graph with n vertices is 
(n  1)! where 

(n  1)! = (n  1)(n  2)(n  3)…(3)(2)(1)



Example: Number of Hamilton 
Circuits

• How many unique Hamilton circuits are there 
in a complete graph with the following 
number of vertices?

• a) 4 b) 9

• a) 4 = (4  1)! = 4•3•2•1 = 24

• b) 9 = (9  1)! = 8•7•6•5•4•3•2•1 
= 40,320

6



The graph in the fig has a Hamiltonian circuit, but it does not have an 

Eulerian circuit since each vertex in the graph is not of even degree.





Dijkstra Prcedure for Shortest path

• Dijkstra’s algorithm is unique for many reasons, 
which we’ll soon see as we start to understand how 
it works. But the one that has always come as a slight 
surprise is the fact that this algorithm isn’t just used 
to find the shortest path between two specific nodes 
in a graph data structure. Dijkstra’s algorithm can be 
used to determine the shortest path from one node 
in a graph to every other node within the same graph 
data structure, provided that the nodes are 
reachable from the starting node.
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